The one-dimensional totally asymmetric simple exclusion process (TASEP), a Markov process describing classical hard-core particles hopping in the same direction, is considered on a periodic lattice of L sites. The relaxation to the non-equilibrium steady state, which occurs on the time scale t ∼ L 3/2 for large L, is studied for the half-filled system with N = L/2 particles. Using large L asymptotics of Bethe ansatz formulas for the eigenstates, exact expressions depending explicitly on the rescaled time t/L 3/2 are obtained for the average and two-point function of the local density, and for the current fluctuations for simple (stationary, flat and step) initial conditions, relating previous results for the infinite system to stationary large deviations. The final formulas have a nice interpretation in terms of a functional integral with the action of a scalar field in a linear potential.
Non-equilibrium statistical mechanics aims to explain the emergence at large scales of simple evolution laws for a few macroscopic variables from the microscopic dynamics of many degrees of freedom. Universality appears at the mesoscopic scale, when the system is large but still finite, as only essential features of microscopic randomness subsist in the fluctuations of the macroscopic variables.
In specific classes of systems with local microscopic dynamics, fluctuations of macroscopic observables such as the position of the interface in growth models, the current of particles in driven lattice gases or the free energy for directed polymers in random media, are described by KPZ [1] universality [2] [3] [4] . The amplitude of KPZ fluctuations grows as t α/z in the early time regime and saturates at ℓ α in a region of space of size ℓ, with a crossover on the time scale t ∼ ℓ z . The roughness and dynamical exponents, α = 1/2 and z = 3/2 in one dimension, were measured experimentally in growing bacterial colonies [5] and burning fronts [6] . Scaling functions obtained during the last 15 years from several exactly solvable models were also observed in turbulent liquid crystal experiments [7, 8] and in numerical studies of various models [9] [10] [11] .
The one-dimensional totally asymmetric simple exclusion process (TASEP) [12, 13] is an interacting particle system that has been used as a basis for models of cellular molecular motors [14] , traffic flow [15] , chains of quantum dots [16] , and whose fluctuations belong to KPZ universality. TASEP describes the movement of hard-core particles, with the exclusion constraint that each site is either occupied by a single particle or empty. Particles move with a continuous-time Markovian dynamics, hopping from any site i to the next site i + 1 with rate 1 if the destination site is empty. We consider in this letter TASEP with N particles on a periodic lattice of L sites, on the crossover time scale t ∼ L z which describes the evolution of KPZ fluctuations from those of the infinite system to the ones in the non-equilibrium steady state.
TASEP is a stochastic integrable model [17] with generator equal to the non-Hermitian Hamiltonian of a twisted XXZ spin chain. The formal analogy with quantum integrability provides powerful Bethe ansatz tools to analyse the model. Furthermore, TASEP always re- laxes to its unique stationary state, avoiding the complicated issues about thermalization occurring in quenches of quantum integrable systems with unitary evolution. The probability P t (C) to observe at time t a configuration C of TASEP obeys a master equation, and P t (C) = C|e tM |C 0 with M the Markov matrix, for a system starting in configuration C 0 at time 0. We focus on three types of analytically tractable initial conditions: the stationary state where all configurations are equally likely, a flat configuration with equally spaced particles, and a step configuration with N consecutive sites occupied. The average of the number of particles η i (C) (equal to 0 or 1) at site i is given by
and similarly for the two-point function η 0,0 η i,t . On the hydrodynamic time scale t ∼ L, the density profile ρ(x, τ ), obtained at large L from the occupation numbers η i with x ≃ i/L and τ = t/L, becomes deterministic at leading order: it is solution of Burgers' equation ∂ τ ρ + ∂ x (ρ(1 − ρ)) = 0. With ρ the conserved average density, the initial condition ρ(x, 0) is equal in the stationary case to ρ plus a Brownian bridge of order 1/ √ L, in the flat case to ρ, and in the step case to 1 in an interval of length ρ and 0 otherwise, see figure 1.
In the first two cases, ρ(x, τ ) ≃ ρ at leading order for all τ . In the step case, as with any generic initial condition, Burgers' equation generates shocks (discontinuities) after a finite time τ . Only one shock remains at large τ , moving with velocity 1 − 2ρ. We consider in the following only the half-filled case ρ = 1/2 to avoid the need of a moving reference frame. Then ρ(x, τ ) ≃ 1 2 − x−κ 2τ at large τ for κ − 1/2 < x < κ + 1/2, with κ ± 1 2 the position of the shock. Our first main result (5), see also figure 3a, describes the average density profile on the time scale t ∼ L 3/2 when the sharp shock vanishes due to fluctuations in the microscopic model.
Multiple point correlations give informations about fluctuations beyond the hydrodynamics. They have been much studied for TASEP on the infinite line Z [18] . In particular, the stationary two-point function of the density behaves [19] in the long time limit as η 0,0
The Prähofer-Spohn scaling function f KPZ [20] also describes the stationary twopoint function for propagating sound modes in generic one-dimensional Hamiltonian systems [21] . Our second main result (6), see also figure 4, is the two-point function for periodic TASEP on the time scale t ∼ L 3/2 . It agrees numerically with f KPZ at short time.
KPZ universality also describes the current of particles of TASEP. The total (time-integrated) current Q between time 0 and time t, equal to 0 when t = 0, is incremented by 1 each time a particle hops anywhere in the system. The generating function of Q verifies a deformed master equation [22] . With fugacity λ conjugate to Q, one has e λQ/L = C C|e tM(λ) |C 0 , where M (λ) is obtained from multiplying by e λ/L the non-diagonal entries of M in configuration basis. The local (time-integrated) current Q i , which counts only hops between site i and i + 1, 
The statistics of Q i beyond its stationary value, Q i ≃ t/4 for the half-filled system, has been studied extensively for TASEP on the infinite line [18] , and for a finite system in the long time limit [23] . Our third main result is the crossover (7)-(9) on the time scale t ∼ L 3/2 between these two regimes, see also figures 3b-3d and 5b-5d.
On the infinite line, current fluctuations are defined as ξ
, with the amplitude of KPZ fluctuations growing as t 1/3 . For stationary initial state, where sites are occupied independently with probability 1/2, the statistics of ξ Z t is given [24] in the long time limit by P (−ξ Z t < u) → F 0 (2 4/3 u) with F 0 the Baik-Rains distribution [25] . For flat initial condition, where every other site is occupied, the statistics is [26] P (−ξ Z t < u) → F 1 (4u) with F 1 the Tracy-Widom distribution for the Gaussian orthogonal ensemble (GOE). Finally, for step initial condition, where only sites i < 0 are occupied, one has [27] [28] , see figure 5a.
For a large but finite system, on the other hand, KPZ fluctuations are independent of the initial condition in the long time limit, and their amplitude saturates at order L α . The current fluctuations of periodic TASEP are then defined as ξ st t = (Q i − t/4)/ √ L, which converges almost surely to t/(4L 3/2 ) for long t. Beyond this deterministic value, P ξ
with G st the Derrida-Lebowitz large deviation function [22] , whose Legendre transform has an exact parametric expression. G st also describes the fluctuations of the free energy for a directed polymer in a random medium [29] , of the height for an avalanche model [30] , and of the current for open TASEP at the edge of the maximal current phase [31] .
Our main results for density and current fluctuations at finite rescaled time τ = t/(2L 3/2 ) follow from expanding (1), (2) over the eigenstates r of M (λ). Exact Bethe ansatz formulas [32, 33] allow to compute explicitly the large L limit [34, 35] , see supplemental material. The final expressions (5)- (9) have all roughly the form of discretized functional integrals with the action of a scalar field in a linear potential, and various operators inserted depending on the observable and the initial state:
For current fluctuations, the upper limit ν r of the integral in the action verifies ϕ r (ν r ) ∝ λ, and ϕ can thus be interpreted as a field conjugate to the current. The integral is regularized at −∞. When τ → ∞, only the stationary eigenstate r = 0 contributes to (3) . When τ → 0, the number of eigenstates r contributing diverges, which makes it difficult to evaluate numerically our expressions (5)- (9) for very small τ . With the values of τ accessible numerically, we are however able to confirm that the various observables connect as expected to the results for TASEP on Z. A proof is missing at the moment. The Fredholm determinant (10), which is rather similar to known expressions for F 0 , F 1 , F 2 , seems a good starting point.
From Bethe ansatz, each eigenstate of TASEP is fully characterized by N momenta of fermionic quasi-particles, k j , j = 1, . . . , N , integers or half-integers depending on the parity of N and distinct modulo L. The stationary eigenstate corresponds to the Fermi sea k j = j−(N +1)/2 with Fermi momentum k F = N/2, and each excited state r > 0 contributing to the time scale t ∼ L 3/2 is specified by two finite sets of half-integers P, H ⊂ Z + 1 2 describing momenta of particles and hole excitations, see figure 2 and supplemental material. Excitations on both sides of the Fermi sea are independent, thus both P and −H −kF kF
FIG. 2. Sets P and H for a choice of the kj (colored squares).
have m r = m + + m − elements, with m ± the number of elements with sign ±. The stationary state corresponds to P = H = ∅. The total momentum of an eigenstate is p r = a∈P a − a∈H a. The field ϕ r is the derivative χ ′ r of χ r , defined by
1/2 the excitation with momentum a. The linear potential and kinetic part of the action come respectively from asymptotics of eigenvalues [34, 36] and eigenvectors [35] of M (λ). They appear in (5)- (9) as τ χ r (ν r ) and D r (ν) 2 with
where log Λ cancels the divergence of the integral at −∞. We now state our main results. The density fluctua-
2 ) at site i = (κ + x)L, for step initial condition S κ with sites κL − N + 1, . . . , κL occupied initially, are equal on average to
where ν r is the solution of χ ′ r (ν r ) = 0, and the summation is over all eigenstates except the stationary state. The function σ(x, τ ) step is plotted in figure 3a along with results from simulations for a system of L = 1000 sites averaged over 10 7 independent realizations. The agreement is excellent: the 1/L finite size corrections can hardly be seen. At short time, the density converges to the ramp centered at x = 0 predicted from Burgers' equation. For stationary and flat initial condition, translation invariance implies σ(x, τ ) flat/stat = 0.
Similarly, the stationary two-point correlation function S(x, τ ) = σ(0, 0)σ(x, τ ) stat for the density fluctuations at site 0, time 0 and site i = xL, time t is equal to
with ν r again solution of χ ′ r (ν r ) = 0. The two-point function is plotted in figure 4a , along with results of simulations for a system of L = 100 sites averaged over 10 time when the scaling t ∼ L 3/2 is not well verified for L = 100. At short time τ , our numerics seem to confirm the expected limit τ 2/3 S(τ 2/3 y, τ ) → f KPZ (y/2)/2, see figure 4b. In contrast with the infinite line case, where the two-point function converges to 0 when the two points are far away, S(x, τ ) → −1 when x = 0 and τ → 0 since the stationary measure of the periodic model is not exactly a product measure.
We define current fluctuations as
. The constant R, which comes from the integration of Burgers' current between time 0 and infinity [37] , is equal to 0 for stationary and flat initial condition, and the generating function of ξ τ is given respectively by 
Comparing (5) and (9) gives the conservation law ∂ τ σ + ∂ x j = 0 with instantaneous current j = ∂ τ ξ τ .
The first cumulants of ξ τ , obtained from the generating functions (7)- (9), are plotted in figures 3b-3d along with results of simulations for a system of L = 1000 sites averaged over 10 7 realizations. The agreement is very good. We checked from simulations of smaller systems that the discrepancies for the mean value with step and flat initial condition are due to finite size corrections of order 1/ √ L instead of 1/L in all the other cases. The stationary large deviations are reached at long time from the contribution e τ χ0(ν0) of the stationary state. The results on the infinite line are recovered numerically at short time: definingξ τ = −ξ τ /τ 1/3 for stationary initial condition,ξ τ = −2 2/3 ξ τ /τ 1/3 for flat ini-
4τ )/τ 1/3 for step initial condition, the cumulants ofξ τ have a finite limit at small τ . They converge respectively to the cumulants of F 0 , F 1 , and F 2 (with x = 1/2; numerics indicate a different distribution around the position of the shock x = 1/2 in the step case). The probability density P τ of ξ τ , extracted from the generating function by Fourier transform P τ (u) = ∞ −∞ ds 2π e −isu e isξτ , is plotted under rescaling by t 1/3 in figures 5b-5d. After some manipulations described in the supplemental material, the cumulative distribution function F τ (u) = P (ξ τ > u) reduces in all cases to integrals of a Fredholm determinant,
(10) The integral over ν goes from e −iθ ∞ to e iθ ∞ with π/5 < θ < π/2.
The function α is respectively equal for stationary, flat and step initial con-
, and α step (ν) = D 0 (ν) 2 . The operator J is defined from K, L and X acting on Z + 1/2, with kernels 
One has
For an evolution conditioned on flat initial and final states, the Fredholm determinant is replaced by the infinite product a∈Z+1/2 (1 + z sgn a K 2 a,a ) [37] , and leads to large deviations at short time similar to the ones observed numerically in [9] for the total current.
Conclusions. The exact formulas derived in this letter for TASEP using the special structure of its Bethe ansatz generalize several known results for the infinite system and the non-equilibrium steady state of the periodic model. They provide the full crossover on the relaxation time scale t ∼ L 3/2 . Our main results (5)- (9) are expressed in a unified way and point to a field theoretic description of KPZ fluctuations in terms of a scalar field in a linear potential, ϕ, conjugate to the current.
Our results should hold for any model of onedimensional KPZ universality. It might be possible to recover them in other exactly solvable models, in particular stochastic Burgers' equation, using the replica method with asymptotics of eigenstates for the attractive δ-Bose gas in finite volume, and ASEP, a generalization of TASEP where particles also hop backward with rate q < 1, related to a twisted XXZ spin chain with anisotropy ∆ = (q 1/2 + q −1/2 )/2 > 1. It would be interesting to generalize our results to the full statistics of time-dependent density and current profiles, and understand how the field ϕ couples to an arbitrary initial condition σ(x, 0) beyond the three specific initial states studied here. Another interesting but difficult question is the extension to the crossover between the far from equilibrium KPZ fluctuations and the EdwardsWilkinson fluctuations of an interface at equilibrium, corresponding for ASEP to the weakly asymmetric regime q → 1 with
Supplemental material
In this supplemental material, we briefly describe in the first section some aspects of the Bethe ansatz for TASEP, in particular asymptotics of eigenstates, some of them being new. In the second section, we derive the Fredholm determinant expression (10) for the cumulative distribution function of current fluctuations.
LARGE L ASYMPTOTICS OF TASEP EIGENSTATES FROM BETHE ANSATZ
The Bethe ansatz gives each eigenvector of the deformed Markov matrix M (λ) of TASEP with N particles on a periodic lattice of L sites as a linear combination of plane waves with N complex momenta q j . It reduces for TASEP to the determinant
with particles at positions 1 ≤ x 1 < . . . < x N ≤ L. Since particles are confined inside a box, the momenta take discrete values, solution of the Bethe equations
The set of numbers k j , integers or half-integers depending on the parity of N and distinct modulo L, fully characterizes the eigenstate. The geometric mean
, and the one of the translation operator is e 2iπp/L with total momentum p = N j=1 k j . Bethe ansatz naturally gives finite size expressions for the eigenstates. The main technical difficulty is usually to take the thermodynamic limit L, N → ∞, which is needed in order to derive the main results (5)- (9) . A first step was the exact calculation [S1] of the gap of the Markov matrix M , shown to scale as L −3/2 . A key observation is that lower eigenstates can be understood by a particle-hole picture, where the k j 's are interpreted as momenta of fermionic quasiparticles without spin. The stationary eigenstate corresponds to the Fermi sea {k are generated by particle-hole excitations at a finite distance of the Fermi surface ±k F , characterized by the two finite sets of half-integers P, H ⊂ Z + 1/2 of figure 2.
The various known asymptotics of eigenvalues [S2] and eigenvectors [S4, S5] of M (λ) with finite rescaled fugacity
involve the elementary excitation ω a (v) with momentum a, defined above (4), which verifies ω 
for the eigenvalue. A key point for the derivation is that the Bethe roots e iqj accumulate on a closed contour in C, and Euler-Maclaurin's leading integral can be computed explicitly using residues.
The norm of the Bethe eigenstates of M (λ), given in general by the Gaudin determinant, simplifies for TASEP [S3] . The components of the eigenvectors for flat and step configuration reduce to Vandermonde determinants, and have been computed in the thermodynamic limit [S4, S5] using the Euler-Maclaurin formula. We use the same normalization of the eigenvectors φ r as in [S5] . It verifies C|φ r = φ r |C , where the configurations C and C, corresponding respectively to particles at positions 1 ≤ x 1 < . . . < x N ≤ L and 1 ≤x 1 < . . . <x N ≤ L, are related by space reversalx j = L + 1 − x N +1−j . The scalar product is then equal for large L to
where Ω = 
For a step configuration S κ with sites κL − N + 1, . . . , κL occupied initially, one has
with D r defined in (4) . All the expressions are understood as analytic in ν r ∈ D. Note that there is a misprint in equation (35) 
The operator S 0 precisely cancels a factor from the eigenvector expressed in terms of the y k 's, and makes the calculation of fluctuations possible for Q i but not for Q. The term ℓ = N − 1 can be removed from the sum for V N,k by linear combination with
, expanding the row j = N of the determinant, and doing further linear combinations to keep only the largest value of ℓ in each sum, det V reduces to a N × N Vandermonde determinant plus N Vandermonde determinants of size N − 1. Factorising everything leads to
Assuming now that the y j 's are solution of the Bethe equations, the second factor reduces to 1 − e −λ after using the identity 
Using the identity
1−yj , the Bethe equations imply that the second factor is equal to 1 − e −Lγ N j=1 1 1−yj , and one has
(S9) at λ = 0 for r = 0. In the stationary state, the right hand side is replaced by 1/2. The asymptotics of ωa(v) ). We observe that the Jacobian of the change of variables s → ν = ν r in the integral for the probability density P τ (u) = ∞ −∞ ds 2π e −isu e isξτ cancels the factor χ ′′ r (ν r ) in the denominator of the expressions (7)- (9) for e isξτ . This allows to perform explicitly the summation over the eigenstates r = (P, H) after introducing a contour integral to enforce the constraint that the number of positive elements of P minus the number of negative elements of P is equal to the number of negative elements of H minus the number of positive elements of H. In the stationary and the step case, an extra step is needed to perform the summation over H and reduce the determinant squared to a single determinant, using a version of the Cauchy-Binet formula, (S11)
The arbitrary set Γ is equal to Z + 1/2 here. A Fredholm determinant is obtained in the end using the identity 
where J is an operator acting on Γ, with discrete kernel J a,b . One recovers (10) . The expansion of the Fredholm determinant of (10) det ( det(J aj ,a k ) j,k (S13) leads to a corresponding expansion of the cumulative distribution function of the current, F τ (u) = ∞ n=0 µ n (τ, u). Numerics in the flat case indicate that the coefficients µ n (τ, τ 1/3 u) do not converge individually when τ → 0: only the full sum F τ (τ 1/3 u) has a finite limit, the GOE Tracy-Widom distribution F 1 . This is in contrast with a common situation for long time limits of finite time Fredholm determinant expressions for TASEP on Z, where all
